In this article, we study the superstability problem for the complex-valued functional equation
Introduction
The problem of stability of functional equations was originally stated by Ulam [1] . For Banach spaces, Hyers [2] for all x X. And then Aoki [3] and Bourgin [4] generalized the theorem of Hyers by considering the stability problem with unbounded Cauchy differences for approximately additive mappings. Rassias [5] succeeded in extending the result of Hyers for approximate linear mappings by weakening the condition for the Cauchy difference to be unbounded. The stability phenomenon that was presented by Rassias may be called the generalized Hyers-Ulam stability. This terminology may also be applied to the cases of other functional equations (see [6] ). The stability problem for functional equations has been extensively investigated by a number of mathematicians [7] [8] [9] [10] [11] [12] [13] [14] [15] . On the other hand, there is a strong stability phenomenon which is known as a superstability. An equation of a homomorphism is called superstable if each approximate homomorphism is actually a true homomorphism. This property was first observed when the following theorem was proved by Baker et al. [16] . Theorem 1.1. Let V be a vector space. If a function f: V R satisfies the inequality
for some ε > 0 and for all x,y V, then either f is bounded or f(x + y) = f(x)f(y) for all x,y V.
In 1980, Baker [17] reported the stability of the cosine functional equation
which is also called the d'Alembert equation, as in the following theorem. Theorem 1.2. If δ > 0, G is an abelian group and f is a function such that
for all x, y G, then either f is bounded by the constant 
Then, either f is bounded or f satisfies Equation 1. Theorem 1.4. Let (G,+) be an Abelian group and let (A, || · ||) be a semisimple commutative Banach algebra. Assume that f : G → A and j : G R satisfy anyone of the inequalities
or
for all x, y G. Then,
for all x, y G, provided that for an arbitrary linear multiplicative functional x * ∈ A * the superposition x* ○ f fails to be bounded. Remark 1.5. Now, we consider the following example. Let A be a Banach algebra of all diagonal 2 × 2 matrices with complex entries and letf : R → A be given by the formulā
where f : R → A is an unbounded solution to (1) and b C \ {0,1} is arbitrarily fixed. Then,f is an unbounded solution to both (2) and (3) with an arbitrary function j : R R + subject to inf {j(t) : t R} ≥ 2|b||1 -b|. However, if we consider a fixed linear multiplicative functional x * : A → C given by 
for all x, y, z G. Given a mapping f : G C, we are going to use a difference Df(x, y, z) :
for all x,y,z G, which is called the remainder of Equation 4 and acts as a perturbation of Equation 4. The purpose of this article is to investigate the superstability of Equation 4 under the condition that the perturbing term Df(x,y,z) is controlled by a function j(x), j(y) or j(z). Moreover, we extend all superstability results for Equation 4 to the superstability on the commutative semisimple Banach algebra.
Superstability of (4)
In this section, we will investigate the superstability of the functional equation (4) . The functional equation (4) is connected with the d'Alembert functional equation (1) as follows [19] . Lemma 2.1. A complex-valued function f on an abelian group G satisfies the functional equation
for all x, y, z G and f(0) ≥ 0 if and only if f satisfies the d'Alembert functional equation
for all x,y G. 
for all x, y, z G. Then, either f is bounded or f satisfies the functional equation
for all x, y, z G. Proof. If f is unbounded, then we can choose a sequence {y n } n N in G such that
Taking y = z: = y n in (5), we get
for all x,y, z G. Dividing the above inequality by |4f(y n ) 2 -2|, then we get
for all x, y, z G. Passing to the limit as n ∞, we obtain the following:
for all x G. Note that the right-hand side of (7) is invariant under the inversion of x, we deduce that
Now, we will apply (7) to derive functional equation (6) . Putting (x, y, z): = (x, 2y n + y, z) in (5), we have
for all x, y, z G. Letting (x, y, z): = (x, 2y n -y, z) in (5), we have
for all x,y, z G. Combining (9) and (10) gives
for all x, y, z G. Using the fact (8) and applying the evenness of f, we see that
for all x, y, z G. Similarly,
for all x,y, z G. Therefore, dividing inequality (11) by |4f(y n ) 2 -2| and taking the limit as n ∞, we get
for all x, y, z G. This completes the proof. Similarly we can prove that if the difference Df(x, y, z) is bounded by j (y) or j(z), we obtain the same result as in Theorem 2.2.
Corollary 2.3. Let δ be a positive real number and let f : G C be a function satisfying the inequality |Df (x, y, z)| ≤ δ for all x, y, z G. Then, either f is bounded or f satisfies the functional equation
for all x, y, z G.
Extension to Banach algebra
All the results in Section 2 can be extended to the superstability on the commutative semisimple Banach algebra. In this section, let (G,+) be an abelian group, and (E, || · ||) be a commutative semisimple Banach algebra.
Theorem 3.1. Assume that f: G E and j : G R + satisfy the inequality
for all x, y, z G. For an arbitrary linear multiplicative functional x* E*, if the superposition x* ○ f is unbounded, then f satisfies the functional equation
for all x, y, z G. Proof. Assume that (12) holds, and arbitrarily fix a linear multiplicative functional x* E*. Let ||x*|| = 1 without loss of generality. Then, for every x,y, z G, we get
which states that the superposition x* ○ f : G C yields a solution of the inequality (5) of Theorem 2.2. By assumption, since the superposition x* ○ f is unbounded, Theorem 2.2 shows that the superposition x* ○ f is a solution of Equation 6, namely,
for all x, y, z G. In other words, bearing the linear multiplicativity of x* in mind, for all x, y, z G, the difference Df(x, y, z) : G × G × G C falls into the kernel of x*. Therefore, in view of the unrestricted choice of x*, we infer that Df (x, y, z) ∈ {ker x * : x * is a linear multiplicative member of E * }
for all x, y, z G. Since the algebra E has been assumed to be semisimple, the last term of the above formula coincides with the singleton {0}, that is Df (x, y, z) = 0 ∀x, y, z ∈ G, as claimed. This completes the proof. By the similar manner, we can prove that if the difference Df(x, y, z) is bounded by j (y) or j(z), we obtain the same result as in Theorem 3.1.
As results of superstability concerning Equation 4 , we obtain application to harmonic functions satisfying the equation approximately.
Theorem 3.2. Let f : R C and j : R R + satisfy the inequality
If f is an unbounded harmonic function, then there is a constant α C \ R such that f(x) = cos ax and f is a solution of the d'Alembert's functional equation (1) .
Proof. By Theorem 2.2, f satisfies the functional equation (4) . Assume that f is unbounded and f(0) = 0. Putting y = z := 0 in (4), we get 3f (x) + f (−x) = 4f (x)f (0) 2 = 0
for all x R. Putting x: = -x in (14) and then combining the equalities, we see that f is odd and so f(x) = 0 for all x R. This is a contradiction. Therefore, |f(0)| > 0. Hence, f satisfies also the d'Alembert functional equation (1) by Lemma 2.1. It is well known that a harmonic solution f : R C of the d'Alembert functional equation (1) has to have the form f(x) = cos ax, ∀x R, where a is a complex number [18] . Since f is unbounded, the constant a of that form falls into the set C \ R. This completes the proof.
Similarly, one can prove that if the difference Df(x, y, z) is bounded by j(y) or j(z), one obtains the same result as in Theorem 3.2.
